In this paper, we develop the analytical solution of the Navier-Stokes equations for a semi-infinite rectangular channel with porous and uniformly expanding or contracting walls by employing the homotopy perturbation method (HPM). The series solution of the governing problem is obtained. Some examples have been included. The results so obtained are compared with the existing literature and a remarkable improvement leads to an excellent agreement with the numerical results.
Introduction
The history of such flow is well documented and presented in [1] . Another very important and interesting application of this analysis in the context of biomechanics is given by Majdalani et al. [2] . In view of the engineering applications, studies of laminar flow within permeable walls have recently received considerable attention [3 -5] . We have revisited this problem both numerically and analytically. Numerical results are found using the shooting method coupled with Runge-Kutta procedure (RK-6) and analytical results with the homotopy perturbation method (HPM). A remarkable improvement has been noticed, giving results which agree almost 99.9 % with the numerical results. The results are presented in terms of tables. Recently, Asghar et al. [6] used Adomian decomposition method for solving the governing problem.
In this study, we will use HPM for flow in a slowly deforming channel with weak permeability. HPM was first proposed by the Chinese mathematician Ji-Huan He [7 -10] . The essential idea of this method is to introduce a homotopy parameter, say p, which takes values from 0 to 1. When p = 0, the system of equations usually reduces to a sufficiently simplified form, which normally admits a rather simple solution. As p is gradually increased to 1, the system goes through a sequence of 'deformations', the solution for each of which is 'close' to that at the previous stage of 'deformation'. Eventually at p =1, the system takes the 0932-0784 / 10 / 1200-1033 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com original form of the equation and the final stage of 'deformation' gives the desired solution. One of the most remarkable features of the HPM is that usually just a few perturbation terms are sufficient for obtaining a reasonably accurate solution. This technique has been employed to solve a large variety of linear and nonlinear problems [11 -27] . The interested reader can see the References [28 -38] for last development of HPM.
Statement of the Problem
Let us consider a rectangular channel with large aspect ratio of width to height which then can be assumed as infinite. One end of the channel is closed by a membrane which is stretched (shrunk) as the channel is expanded (contracted). The coordinate system considered in the present study is shown in Figure 1 . With x indicating the axial direction and y the normal direction, the corresponding axial and transverse velocity components are defined as u and v, re-spectively. The equations governing the unsteady twodimensional channel flow problem are
in which ρ, p, v, and t are dimensional density, pressure, kinematic viscosity, and time, respectively. The channel walls regress or contract in the normal direction and thus the separation is a function of time. Accordingly, the porosity of the walls allows fluid injection or suction in the direction perpendicular to the walls. The injection/suction absolute velocity v w is positive/negative, respectively. The axial velocity is zero at x = 0. (1) - (3) are subject to the following boundary conditions:
Introducing the stream function ψ and vorticity ζ via
the continuity equation is identically satisfied and the momentum equation reduces to
The problem allows a similar solution:
where η = y/a and F(η,t) is independent of the axial coordinates. From (7) and (10), the axial and normal velocities are
in which F η = ∂ F ∂ η . At this point, one may realize that u xx = v x = 0 and revisit the vorticity equation. In order to ensure dimensional homogeneity we write G(a) = 1/a; the axial and transverse velocities can finally be written as
Noting that the normal velocity v is independent of x, the vorticity equation reduces to ζ = − ∂ u ∂ y . Likewise (3) becomes p yx = 0. Upon substitution of ζ and insertion of (1) into the vorticity transport equation (9), one obtains
Insertion of (12) into (13) yields
where α is the wall expansion ratio defined by
Note that allowing p xy = 0 in (2) will also lend itself as a method for arriving at (14) . The boundary conditions given by (4) - (6) can now be updated to account for the normalization. This in turn gives
A similar solution with respect to space and time can now be developed. If our function F is made dependent on η and α(t) instead of (η,t), then one obtains F ηt = 0 by setting α to be constant or quasi-constant in time.
In that event, the value of the expansion ratio α can be specified by its initial value, namely
where a 0 andȧ 0 = da 0 /dt denote the initial channel height and channel expansion ratio, respectively. By integrating (18) with respect to time, a similar solution for the temporal channel height evolution can be obtained. This is given by
For a pyhsical setting in which the injection coefficient A is constant (e. g. propellant burning), an expression for the time-dependent injection velocity evolution can be deduced. One getṡ
Under the foregoing self-similarity conditions, an ordinary differential equation (ODE) for the principal function F can be derived by direct integration of (14), which is as follows:
where a prime replaces d/dη and K is the constant of integration. The boundary conditions now turn out to be of the following form:
In the next section we will solve the problem consisting of (21) and the boundary conditions (22) and (23).
Solution by the Homotopy Perturbation Method
In order to solve (21) - (23) by the homotopy perturbation method, we construct the following homotopy:
Assume the solution of (21) be in the form
Substituting (25) into (24) and collecting terms of the same power of p, we get the following set of differential equations:
From (26) we obtain the following iterative formula:
where
We can solve the above ordinary differential equations, where F(0) = 0, F (0) = 0, and we assume an additional condition F (0) = β , where β and K will be determined using the boundary conditions at η = 1, i. e., F(1) = R and F (1) = 0. Thus, we now successively obtain F 0 = β η,
and so on; in this manner, the rest of the components of the homotopy perturbation series can be obtained. Then the series solutions expression by HPM can be written in the form
Results and Discussions
For practical numerical computations, we take finite j-term approximation of F(η),
The recursive algorithm (27) - (30) is coded in the computer algebra package Maple. To achieve reasonable accuracy we obtain the 21-term approximation of 
i=0 F i , where the first five terms are given above.
The unknown constants β and K can be determined by using the boundary conditions (22) and then substituting these values into (31) to obtain the final solution of the problem. Table 1 and Table 2 indicate the comparison of HPM solutions with those of Boutros et al. [39] and Majdalani et al. [2] for self-axial velocity at α = ±0.5 and R = 5 and show the percentage error. Also Table 1 and Table 2 show that the analytic results (HPM) obtained agree very well with the numerical results (shooting method coupled with RK-6) for a good range of these parameters.
Second Adaptation of Homotopy Perturbation Method
In this section, we will use a second adaptation of HPM which is described in [36, 37] .
Qualitative Sketch/Trial Function Solution
From physical understandings and boundary conditions, we choose such initial guess
where a is an unknown constant to be further identified. It is obvious that (32) satisfies the boundary conditions F (0) = β and F (1) = 0.
Construction of Homotopy Equations
According to the initial guess (32) , the homotopy equations can be constructed as follows:
When p = 0, we can obtain the initial guess; when p = 1, (33) turns out to be the original one.
Solution Procedure Similar to that of Classical Perturbation Methods
We can use the homotopy parameter p as an expanding parameter used in the classic perturbation methods. The simplest way is the method of straightforward expansion:
Generally, we stop before the second iteration. Setting p = 1, we obtain the first-order approximation which reads
Optimal Identification of the Unknown Parameter in the Trial Functions
There are many approaches to identify the unknown parameters in the obtained approximation, for example, the method of weighted residuals, especially the least squares method. For the present problem, we set 1 0
and
to identify the unknown constant a. Ariel's identification of the unknown constant is equivalent to (36).
Conclusion
In this study, HPM was employed to obtain the analytical solution for flow in a slowly deforming channel with weak permeability. We obtained the approximate analytical solution of the equation in the form of a convergent power series with easily computable components. The present work shows 99.9 % accuracy of agreement with the numerical results. The method is extremely simple, easy to use, and is very accurate for solving nonlinear equations. It is shown that HPM is a very fast convergent, precise, and cost efficient tool for solving nonlinear problems.
